Bifurcation from semi-trivial standing waves 
and ground states for a system of nonlinear 
Schrodinger equations 
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Abstract 

We consider a system of nonlinear Schrodinger equations related 
to the Raman amplification in a plasma. We study the orbital stabil- 
ity and instability of standing waves bifurcating from the semi-trivial 
standing wave of the system. The stability and instability of the semi- 
trivial standing wave at the bifurcation point are also studied. More- 
over, we determine the set of the ground states completely. 



1 Introduction 
1.1 Motivation 

In this paper, we consider the following system of nonlinear Schrodinger 
equations 

idtUi = —Aui — k\ui\ui — 'ju{U2 
idtU2 = —2Au2 — 2 1^2 — 7^1 

for (t,x) G M X M^, where Ui and U2 are complex- valued functions of {t,x), 



K E M. and 7 > are constants and < 3. System (1.1) is a reduced 



system studied in [71 [8] and related to the Raman amplification in a plasma. 
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Roughly speaking, the Raman amphfication is an instabihty phenomenon 
taking place when an incident laser field propagates into a plasma. We refer 
to E] for a precise description of the phenomenon. A similar system to 
( [rT| also appears as an optics model with quadratic nonhnearity (see pT]). 
In [71 [8] , the authors studied the following three-component system 

idtVi = —Avi — \vi\^~^vi — '~fV3V2 

idtV2 = -Av2 - \V2\^~-^V2 - ^VsVi (1.2) 

idtvs = -Av-i - \v-i\P-^v-i - 'yviV2, 

where 1 < p < 1 + A/N and < 3. Let w > and let E H^{R^) be a 
unique positive radial solution of 

- Aip + ujip-\ip\P-^ip = 0, xeR^. (1.3) 



Then, (0, 0, e'^^Vt.;) solves (1.2). We note that e*'^Vw is a standing wave 
solution of the single nonlinear Schrodinger equation 

idtu = -Au - \u\P'^u, (t, x) G M X M^, (1.4) 



and that e^'^Vi^ is orbitally stable for (1.4) if 1 < p < 1 + 4/iV, and it is 
unstable ifl + 4/iV<p<l + 4/(Ar-2) (see P S] and also [31 Chapter 8]). 
In [3 18] , the authors proved the following result on the semi-trivial standing 
wave solution (0,0,e^'^V^) of (Q. 

Theorem 0. ([3 |8]) Let N < 3, 1 < p < 1 + A/N, u > 0, and let tp^ be 

the positive radial solution of (1.3). Then, there exists a positive constant 
7* such that the semi-trivial standing wave solution (0, 0, e^'^Vw) of (1.2) is 
stable z/0 < 7 < 7*, and it is unstable if •y > Y ■ 

By the local bifurcation theorem by Crandall and Rabinowitz [TU], it 
is easy to see that 7 = 7* is a bifurcation point. We are interested in 
the structure of the bifurcation from the semi-trivial standing wave of (1.2) 
and its stability property. However, this problem is difficult to study in 
the general case 1 < p < 1 + 4/A^, so we consider the special case p = 2. 
Moreover, since Vi and V2 play the same role in the proof of Theorem 0, we 
consider a reduced system (1.1) assuming t>i = t>2 in (1.2). We also introduce 
a parameter k in the first equation of (1.1), which makes the structure of 
standing wave solutions richer as we will see below. We remark that the 
positive constant 7* in Theorem is given by 

. = inf{ : - e H\R^) \ w] ■ (l-S) 

[ J^M 'fMlvix)]^ dx J 
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For the case p = 2, since Lp^j is the positive radial solution of 

- A(^ + w(^- |(^|(^ = 0, a;GM^, (1.6) 



we see that the infimum in (1.5) is attained at w = yjo; and 7* = 1. In the 



same way as the proof of Theorem 0, we can prove the following. 
Theorem 1. Let < 3, k G M, 7 > 0, > 0, and let ip^ he the posi- 



tive radial solution of (1.6). Then, the semi-trivial standing wave solution 



(0, e^*"^**/?^) of (1.1) is stable z/0 < 7 < 1, and it is unstable if '~f > 1. 



We remark that the stability property of the semi-trivial standing wave of 



(1.1) is independent of k for the case 7 7^ 1. On the other hand, we will see 
that the sign of k plays an important role for the case 7 = 1 (see Theorems 
|4] and [5] below). 

1.2 Notation and Definitions 

Before we state our main results, we prepare some notation and definitions. 
For a complex number z, we denote by 3^2; and its real and imaginary 
parts. Thoughout this paper, we assume that < 3. We regard L^(]R^,C) 
real Hilbert space with the inner product 



{u,v)l2=^ / u{x)v{x)dx, 

and we define the inner products of real Hilbert spaces H = L^(]R^, C)^ and 
X = H\R^,Cf by 

(m, v)h = {Ui,Vi)l2 + {U2, V2)l2, (u, v) x = (u, v) h + (Vm, Vv)h- 

Here and hereafter, we use the vectorial notation u = (mi,M2), and it is 
considered to be a column vector. 

The energy E and the charge Q are defined by 

1 K, 1 if 

E{u) = -||Vm||^ - -||mi|||3 - -||M2||i3 - 77^ / ulu^dx, 

16 6 1 J^N 

For G M, we define 0(6) and J by 

G{e)u = (e*^ui, e^*%), Ju = {zui, 2m2), u e X, 
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and 

{G{9)f, u) = (/, G{-e)u), (J/, u) = -(/, Ju) 

for / G X* and m G X, where X* is the dual space of X. For y G 
define 

Tyu{x) = u{x — y), M G X, X G M^. 



we 



Note that (1.1) is written as 

dtuit) = -JE\u{t)), 

and that E{G{e)Tyu) = E{u) for all ^ G M, y G and m G X. 

By the standard theory (see, e.g., [21 Chapter 4]), we see that the Cauchy 
problem for (1.1) is globally well-posed in X, and the energy and the charge 
are conserved. For w > 0, we define the action S^) by 

S^{v)=E{v)+ujQ{v), vex. 

Note that the Euler-Lagrange equation S'^(0) = is written as 



-A01 + u(t>i = k|0i|0i + 70102 
-A02 + a;02 = 102102 + (7/2)0? 



1.7) 



and that if G X satisfies 5*^(0) = 0, then G{uit)(j) is a solution of (1.1). 



Definition 1. We say that a standing wave solution G{ujt)(j) of ( 1.1 ) is stable 
if for all £ > there exists 5 > with the following property. If G X 
satisfies \\uq — < then the solution u{t) of (1.1) with u(0) = Uq exists 
for alH > 0, and satisfies 

inf \\u{t) - G{e)Ty$\\x < e 



for all t > 0. Otherwise, G{ut)(f) is called unstable. 

In this article, we are also interested in the classification of ground states 
of (1.7). A ground state of (1.7) is a nontrivial solution which minimizes 
the action S^j among all the nontrivial solutions of (1.7). The set Q^j of the 
ground states for (1.7) is then defined as follows: 

A^ = {veX ■.S'Jv) = 0, v^O}, 

d{u) = mi{S^{v) : v G A^}, 
Qlu = {u e : S^(u) = d{uj)}. 
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1.3 Main Results 



We first look for solutions of (1.7) of the form = {a(p^, l3(p^) with {a, j3) G 
]0, oop, where ip^j is the positive radial solution of (1.6). It is clear that if 
{a, (3) G]0,oop satisfies 

Ka + j(3 = l, -fa^ + 2/3^ = 213, (1.8) 



then {acfuj, (3(puj) is a solution of (1.7). For /? G M and 7 > 0, we define 
'5«:,7 = {(2^' y) ^]0' Kx + -fy = 1, 70;^ + 2y'^ = 2y}. 

Note that •yx^ + 2y'^ = 2y is an ellipse with vertices {x,y) = (0,0), (0,1), 
(±l/v^,l/2), and that C {(x,?/) : < ?/ < 1}. 

To determine the structure of the set 5^,-^, which is one of the crucial 
points of our analysis, for > 27(1 — 7) we define 



_ (2 -7)/s:±7v//t2 + 27(7-1) 
~ 2k^ + 73 

^2 + 72 ± Kv/fi:2 + 27(7- 1) 



± 



2^2 + ^3 



(2-7)^ «:2 + 7^ 



2^2+^3' 2/«2 + 73- 

We also divide the parameter domain P = {(/t, 7) : k G M, 7 > 0} into the 
following sets (see Figure [T]). 

Ji = {(ft:,7) : ft: < 0, 7 > 1} U {(/€,7) : > 0, 7 > 1}, 

J2 = {(/«,7) : < 7 < 1, > ^27(1- 7)}, 

J3 = {(«:,7) : < 7 < 1, = ^27(1- 7)}, 
Jo = {(ft:,7) : e M, 7 > 0} \ ( Ji U J^z U Ja). 

Notice that the sets J'o, J'l, J2 and J-^ are mutually disjoint, and D = 
J0UJ1UJ2UJ3. Note also that for < k < 1/^2, the equation 27(1-7) = 
has solutions 7 = 7± := (l±-\/l — 2k^)/2. It is then possible to determine the 
set iSs^-y in terms of a±, ao and /3o- Indeed, by elementary computations, 
we obtain the following. 

Proposition 1. (0) //(k, 7) G Jq, then S^^^ is empty. 

(1) //(/€,7)e Ji, i/ien5«,^ = {(«+,/?_)}. 

(2) //(/€,7) GjTa, ^/ien5«,^ = {(«+,/?_), («_,/?+)}. 

(3) //(k,7) G Js, i/ien 5^,^ = {(ao,/3o)}- 
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Figure 1: The sets j7o, Ji, J2 and 



Remark 1. (1) When k < 0, ^ (0, 1) as 7 -> 1 + 0. That is, the 

branch {(a+y?^, : 7 > 1} of positive solutions of (1.7) bifurcates from 
the semi-trivial solution (0, y?^) at 7 = 1. 

(2) When k > 0, (q;_,/3+) — (0, 1) as 7 — )■ 1 — 0. That is, the branch 
/S+y^oj) : 7m < 7 < 1} of positive solutions of ( |1.7 ) bifurcates from 
the semi-trivial solution (0,(^9^) at 7 = 1, where 7^ = inf{7 : (k, 7) G iSk,^}, 
and it is given by 7^ = if k > 1 / a/2 , and 7^ = 7+ if < k < 1/ a/2 . 

We obtain the following stability and instability results of standing waves 
of (1.1) associated with Proposition [l} Recall that ip^ is the positive radial 
solution of (1.6). 

Theorem 2. Let N < 3 and (/t, 7) G jTi U 1/2. For any u > 0, the standing 
wave solution G{ut){a+ipij, f3_(p^^) of (1.1) is stable. 

Theorem 3. Let N < 3 and (/«,7) G • For any u > 0, the standing wave 
solution G{(jjt) {a -ip^, (3 ^ip^) of (1.1) is unstable. 

Remark 2. In this paper, we do not study the stability /instability problem 

of G{(jJt){aQp>uj, (iop>uj) for the case (k, 7) G Js. 



Remark 3. The result for the case k = 1 in Theorem |3j is announced in [16] 
together with an outline of the proof. 

We also obtain the stability and instability results of semi-tirivial standing 
wave at the bifurcation point 7 = 1. The results depend on the sign of n. 

Theorem 4. Let N < 3, k, > and 7 = 1. For any u > 0, the standing 
wave solution (0,e^*'^Vtj) 0/ (1-1) unstable. 
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Theorem 5. Let N < 3, k < and 7 = 1. For any u > 0, the standing 
wave solution (OjC^^'^Vw) (^f (1-1) stable. 

Remark 4. The linearized operator S'"(0, (f^^) around the semi-trivial stand- 
ing wave is independent of k (see (2.2) and ( |2.3 ) below). Therefore, Theorems 
|4] and [5] are never obtained from the linearized analysis only. The proof of 
Theorem [s] relies on the variational method of Shatah and on the char- 
acterization of the ground states in Theorem |6] below. 

Remark 5. For the case 7 = 1, using the notation in Section |2j we have 
'^rv = {LiVi,L2V2) and Cjv = {L^iVi, L1V2), and the kernel of S'"(0,v9(^) 
contains a nontrivial element (fuj,^) other than the elements V(0,<y9^) and 
J{0,(pi^) naturally coming from the symmetries of (see (2.4) below). 



Next, we consider the ground state problem for (1.7). We define 
i^c{l) = 1(1 + 2)^/1^, 0<7<1. 



1.9) 



Then, Hc is strictly decreasing on the open interval ]0,1[, Kc(0) = 1 and 
/tc(l) = 0. We define a function 7c on ]0, 1[ by the inverse function of Kc- For 
the ground state problem, it is convenient to divide the parameter domain 
V = {(^,7) : K G M, 7 > 0} into the following sets (see Figure [2]). 



/Ci = {(/€,7) : < 0, 7 > 1} U {(/€,7) : fi: > 1, 7 > 0} 

U {(/t,7) : < K < 1, 7 > 7c(«;)}, 
/C2 = {(/t,7) :k<0, 0<7<1}U {(k,7) :0<fi;<l, 0<7< 7c(fi:)}, 
^3 = {(f^,!) : < K < 1, 7 = 7c(k)}. 

Note that /Ci, /C2 and /C3 are mutually disjoint, and "D = /Ci U /C2 U /C3. 
Remark also that since ^^/2^y(l^^^ < Kc(7) for < 7 < 1, we have j7o C /C2- 
Moreover, we define 



, y e 



I) TV 



}• 



Then, the set of the ground states for (1.7) is determined as follows. 

Theorem 6. Let N < 3 and tu > 0. 

(1) If{K,^)eJC,,theng^ = gl 

(2) If{K,j)e}C2,theng^ = gl 

(3) ifiK,^)eiCs,theng^ = g^^ugl 
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The rest of the paper is organized as follows. In Section |2} we study some 
spectral properties of the linearized operators around standing waves, which 
are needed in Sections |3] and |4} In Section [3| we prove Theorems |2] and |3| 
while Section |4] is devoted to the proof of Theorem |4j In Section |5j we study 



the ground state problem for (1.7), and prove Theorem 6 Finally, Theorem 



^ is proved corollary of Theorem |6| 



2 Linearized Operators 

In this section, we study spectral properties of the linearized operator S'^{^). 
Here and hereafter, for a > and /3 > 0, we put 

$ = (av3^, (3(f^), $1 = (-/3v5^, acp^), $2 = {aip^, 2(3lp^). 

First, by direct computations, we have 

{S'^{<^)u,u) = (£/j3?m,3?m) + {Ci^u,'^u) 

for u= (^1,^2) G X, where = iJftui,^U2), = {Qui,Qu2), and 

(2a + 7/3)v2a; ia(fu 

{a - 'j/3)Lp^ 'jaif^ 



-A + a; 

-A + w 

-A + w 

-A + w 



(2.1) 

(2.2) 
(2.3) 
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Since S'^{G{e)Ty^) = for y G and 6 eR,we see that 

V$ G ker Cr, $2 G ker £/. 
For a G M, we define La by 

LaV = —Av + uv — atpi^v, v E 
We recall some known results on L„. 



(2.4) 



Lemma 1. Let N <3 and let be the positive radial solution of (1.6). 
(1) L2 has one negative eigenvalue, ker L2 is spanned by {Vipuj}, and there 



exists a constant ci > such that {L2V,v) > ci||f ||^i for all v G 
satisfying {v,ipiS)L'^ = and {v,V'{)S)l'^ = 0. 

(2) Li is non-negative, kerLi is spanned by {v^lj}; a'l^d there exists C2 > 
such that {Liv,v) > C2||f ||^i for all v G //""^(M^, M) satisfying {v,ip^)L2 = 0. 

(3) Ifa<l, then La is positive on H\R'^,R). 

(4) If 1 < a < 2, then {Lafui, (fuj) < 0, and there exists C4 > such that 
{LaV,v) > C4||t'||^i for all V G //""^(M^, M) satisfying {v,ip^)L2 = 0. 

Proof. Parts (1) and (2) are well-known (see [22] )• Note that the quadratic 
nonlinearity in (1.6) is L^-subcritical if and only if < 3, and that the 
assumption < 3 is essential for (1). Parts (3) and (4) follow from (1) and 
(2) immediately. □ 

In the next lemma, we give the diagonalization of £r and Cj. 

Lemma 2. By orthogonal matrices 



A 



1 



a (3 
—f3 a 



Cn and Ci are diagonalized as follows: 



B 



1 



a2 + 4/32 



a 2/3 
-2/3 a 



R 



A* 



^(2-7)/3 J 



A, Ci = B* 



Li 

-^(l-27)/3 



B. 



Proof. The computation is straightforward, and we omit the details. 



□ 



The next three lemmas establish the coercivity properties of the operators 
and £/. They represent the main results of this section, and are the key 
points in the proofs of Theorems [2] and [3) 
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Lemma 3. // (2 — 7)/? < 1, then there exists a constant 61 > such 
that {Crv,v) > Si\\v\\% for all v e if^(]R^,]R)^ satisfying {v,^)h = and 



Proof. By Lemma[2| we have {Crv, v) = {L2W1, Wi) + {L(^2-'y)i3U!2, UI2), where 
w = Av. Since we have 



it follows from Lemma [I] (1) that {L2Wi,Wi) > Ci||wi||^i. Moreover, by the 
assumption (2 — 7)/^ < 1 and by Lemma [T] (3), we have {L{2-'y)pW2,W2) > 
C3 1 1^2! I //I- This completes the proof. □ 

Lemma 4. If 1 < (2 — 7)/? < 2, then there exists a constant ^2 > such 
that {Crv,v) > 62\\v\\j^ for all v G ^/^^^^(M^, M)^ satisfying {v,^)h = and 
{v,^i)h = 0, where $1 = (-/3v?a;, av^t^)- 



Proof. By Lemma[2| we have {Crv, v) = {L2W1, wi) + {L(^2--t)i3'UJ2, 1^2), where 
w = Av. Then we have {wi,(Puj)l^ = (w, ^)h/ \/a'^ + P'^ = 0. Moreover, 
since (p^ and Wi are radially symmetric, we have {wi,'Vipi^)L2 = 0. Thus, 
it follows from Lemma fl](l) that {L2Wi,Wi) > Ci Moreover, since 

{w2,^u})l2 = (v, $i)_f// a/o^ + = 0, it follows from the assumption 1 < 
(2 — 7)/? < 2 and Lemma[l](2), (4) that (i^(2-7)/3W2, W2) > C2||w2||^i- □ 

Lemma 5. There exists a constant ^3 > such that {Civ,v) > S^WvW^ for 
allv e H^{R^,R)'^ satisfying {v,^2)h = 0, where $2 = {a(p^,2l3(p^). 

Proof. By Lemma[2| we have {Cjv, v) = {LiWi, Wi) + (L(i_27)/3W2, W2), where 
w = Bv. Since (wi, ^Pui)l2 = (v, $2)/// a/o;^ + 4/3^ = 0, Lemma [l] (2) implies 

{Liwi,wi) > 

C2||'^i ll/fi- Moreover, since (1 — 27)/? < 1, it follows from 
Lemma[l](3) that {L(^i_2'y)i3'W2,W2) > C3||w2||^i. □ 



The last two lemmas of this section make connections between parameters 
(k, 7) and the criteria used in Lemma [sl 111 and IS] on /3. 



Lemma 6. Let (/t,7) G Ji U J2. Then, (2 - 7)/3_ < 1 and (1 - 2-f)/3^ < 1. 



Proof. We put D = /t^ + 27(7 — 1). By the second equation of (1.8), we 
have < /3_ < 1. Thus, we have (1 - 27)/3_ < /3„ < 1. If 7 > 1, then 
(2 - 7)/3_ < /3_ < 1. While, if < 7 < 1, then k > 0, D > and 
(2 - 7)/3_ < (2 - 7)(k2 + 72)/(2k2 + < 1. Note that the last inequality 
is equivalent to D > 0. □ 
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Lemma 7. Let (k,7) G J2. Then, 1 < (2 - 7)/?+ < 2 and (1 - 27)/3+ < 1. 

Proof. We put D = k'^ + 27(7 - 1). Since < /3+ < 1, we have (2 - 7)/?+ < 
2/3+ < 2 and (1 - 27)/?+ < /3+ < 1. Next, we see that (2 - 7)/?+ > 1 
is equivalent to (2 — 7)/? > 'yy/D. Since < 7 < 1 and k > 0, we have 
7\/D < 7/« < (2 - 7)k. □ 

Remark 6. When (k,7) G J3, we have D = k2 + 27(7-1) = 0, (2-7)/3o = 1 
and (1 - 27)/3o < 1. 



3 Proofs of Theorems |2l and |3 

In this section we prove Theorems [2] and [3] using the results of Section [2] 
and the following propositions. Proposition [2] follows from Theorem 3.4 of 
Grillakis, Shatah and Strauss [H] (see also [23] and [71 Section 3]). While, 
Proposition [3] follows from Theorem 1 of [16] (see also [TT ] \T5 \ 119]). 

Proposition 2. Let cf) G v4a;. Assume that there exists a constant 5 > such 
that {S"{(f))w,td) > S\\w\\x for all w E X satisfying {(f),w)H = {J(P,w)h = 
and {'V4>,w)h = 0. Then the standing wave solution G{ut)(f) of (1.1) i 
stable. 



IS 



Proposition 3. Let (p G Au be radially symmetric. Assume that there exist 
'ip G Xrad and a constant 5 > such that W^jWh = 1; (V^, 4')h = (V^, "^0)^ = 0, 
{S^^{(j))ip,'ilj) < 0, and {S'^{(f))w,w) > 6\\w\\x for all w G X^ad satisfying 
{(f), w)h = {J4>, w)h = i'ip, w)h = 0. Then the standing wave solution G{ujt)(j) 



of (1.1) is unstable. 



Proof of Theorem^ For (k, 7) G Ji U J2, let (a, /3) = (a+, Let w G X 
satisfy ($,w)h = {J^,w)h = and (V$,w)h = 0. By ( |2l| ), we have 



Since {^,^w)h = ($,w)// = and (V$,3?w)i^ = (V$,w)// = 0, it fol- 
lows from Lemmas [6] and [3] that {Cji^w,^w) > 6i\\^w\\x- While, since 
{^w,^2)h = {J^,w)h = 0, Lemma [5] implies {Cj^w,^w) > dsW'^wWx- 
Therefore, Theorem |2] follows from Proposition [2j □ 
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Proof of Theore'm\^ For (k, 7) G J^2, let = (a;_,/3+). We take ip = 

Then we have \\tf\\H = 1, {^f,'l>)H = and J$)// = 0. 
Moreover, by Lemma [T] and Lemma [l] (4), we have 

= {Cr^,^) = (L(2-7)/3<^a;,<^a;)/||v^^||i2 < 0. 

Finally, let w G X^^d satisfy {^,w)h = {J^,w)h = {'ip,w)H = 0. Since 
{^,^w)h = i^,w)H = and ($i,3fJw)// = = 0, by Lemmas [7] and 

El we have (£^3f?w, 3fJw) > 62\\^wfx. While, since (Sw, $2)/^ = = 



0, by Lemmajsj we have {Ci'^w,'^w) > SsW^wWx. Thus, by (2.1), we have 
{S'^{(j))iv,w) > and Theorem [s] follows from Proposition [3 □ 

4 Proof of Theorem HI 

We introduce the following Proposition |4] to prove Theorem |4} It is a modifi- 
cation of Theorem 2 of [16]. In what follows, sgn(/i) denotes the sign of any 
real /i. 

Proposition 4. Let </> G A^j be radially symmetric. Assume that there exist 
tjj G Xrad such that 

(i) Mh = I, {^J)h = 0, {^,j$)h = {^f,J$)x = o,^s:{$)^ = 6, 

(ii) there exists a positive constant ko such that (S'"(0)w, w) > ^oll'U^lli: 
for all w G X^ad satisfying {(P,w)h = {J4>,w)h = {i^,w)H = 0, 

(iii) there exist positive constants ki, k2 and e such that 

sgn(A) ■ {SU$+ + z), ^) < ~k,\^ + k^Wzfx + ^(A^ + \\z\\\) 
for all X ^K. and i'G Xrad satisfying |A| + \\z\\x < £■ 



Then the standing wave solution G(ujt)(j) of (1.1) is unstable 



We first prove Theorem |4] using Proposition |4j 

Proof of Theorem The proof consists of verifying the assumptions (i) 
(iii) of Proposition lil Let (a,/3) = (0, 1) and $ = (0,v2a;). We take 



(^1,^2) = (V5a;,0)/||v?a;||L2- 

Then, ll^ll^, = 1, (V;, $)h = 0, (V^, J$)h = J^)x = 0, and 

5::(0)7A = (Liyp^,o)/ii<^<.iU2 = (o,o). 
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Thus, (i) is satisfied. The assumption (ii) is proved in the same way as the 
proof of Theoremjs] Finally, we prove (iii). Let A G M and z = {zi, Z2) E Xrad, 
and put V = {vi, V2) = Xip + z. Then, we have 



and 



Vi = XiJi + Zi, V2=Z2, i^l = <^uj/\\<^uj\\Lh 

= / {Vvi ■ Vipu> + ^viip^ - n\vi\viip^ - vi{ip^ + V2)ipu:} dx 
Jrn 



= —K^ / \Vi\vi(p^ dx — ^ I ViV2(Pojdx. 

Thus, we have 

{Sl,{^ + v),ij) = -K^ I \vi\vitjji dx - ^ I viv^^idx. (4.1) 
Here, we have 



sgn(A) ■ / \X^jji\X^jjiipi dx = CqX^, where Cq ■= k.\\^u 



Ii3/ll^.;|li2, 



and the first term of the right hand side of (4.1) is estimated as follows. 
sgn(A) ■ / Ivilviipi dx — CqX"^ ^ k, \vi\vi — {XipilXi/ji ijji dx 



<C {\vi\ + \X^,\)\vi-X^i\^idx<C {\X^i\ + \zi\)\zi\^,dx 

JR'^ JR^ 
< C|A|||^l|U3||^l||i3+C||^l||i3||^l|U3 < C0AV4 + C1II 

for some constant Ci depending on ip^. Here, in the last inequality, we used 
the inequality of the type 2ab < + h'^ / . While, the second term of the 



right hand side of (|4.1|) is estimated as follows. 

< |A||k2||L3||^l||i3 + |kl|U3||2;2||L3||^l||i3 



/ V1V21P1 dx 

<C^X^/A + C2\\z2\\]ii+C^\\ 
for some positive constants C2 and C3. Thus, we have 

sgn A • {S'S^ + X^+ z\ i,) < -C0AV2 + C4z\\l 
for some constant C4 > 0. This completes the proof. 



□ 
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In the rest of this section, we give the proof of Proposition |4] by modifying 
the proof of Theorem 2 of |16] . We define 



K{$) = {ue : inf \\G{e)u - $\\x < e}, 



and the identification operator / : X — )■ X* by 

{Iu,v) = {u,v)h, u,veX. 

Lemma 8. There exist e > and a map G : A/'e(0) — )■ ]R/27rZ such that 

\\Gieiu))u-$\\x<\\G{e)u-$\\x, 
{G{Q{u))u, J(f)x = 0, Q{G{e)u) = Q{u) - 6, 
JG(-e(M))(l - A)0 



i-'e'(u) 

{G{Q{u))u,J^<P)x 
for all u G Ue{4>) and 6 G M/27rZ. 



(4.2) 



Proof. See Lemma 3.2 of [11]. Note that G ^^^(IR^)^ by the elhptic regu- 
larity for (O). □ 



We put M{u) = G{e{u))u. Then we have M(0) = and M{G{9)u) = 
M{u) for u G A/'e(0) and 6* G M. We define A and A by 

A{u) = {M{u), J-'^)h, A{u) = {M{u),^)h (4.3) 

for u G A/'e(0)- Then we have 

JI-^A'{u) = G{-Q{u))^- A{u)jr^e'{u), (4.4) 

= ^AiGi9)u)\e=o = {A'{u), Ju) = -{hi, jrU'iu)). (4.5) 

We define V by 

Viu) = {E'{u),JI-W{u)) 
for u G A/'e(0). Note that by ( [42| ), (|44)) and ( [475| , we have 

P(n) = (5:(^),J/-M'(^)) 



(^:(M(«)),v^) 



A{u) 



{M{u),J^)x 



- {SUM (u)), J' il-A)$). (4.6) 
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Lemma 9. Let I be an interval of R. Let u G C(X, X) fl C^(X, X*) he a 
solution of (1.1), and assume that u{t) G Afs{(p) for all tel. Then 

jA{u{t)) = nn{t)). teX. 

Proof. See Lemma 4.6 of [U] and Lemma 2 of [TB]. □ 

Lemma 10. There exist positive constants k* and Eq such that 

E{u) > E{(f) + k* sgn A(u) • V{u) 

for all u G Afea{(p) satisfying Q{u) = Q{4>)- 

Proof. We put v = M{u) — (f), and decompose v as 

V = acj) + bJ(f) + cip + w, 

where a, b, c E M, and w G Xrad satisfies {(j),w)H = {J4>,'w)h = {4',w)h = 0. 
Since Q(0) = Q{u) = Q{M{u)) = Q{$) + {$,v)h + Q{v) and {$,v)h = 
a II 0111^, we have a = 0(||t7|||^). Moreover, by Lemma [s] and by the assumption 

(i) of Proposition [ij we have (M('u), J$)x = and {J(f),if)x = 0. Thus, we 
have = {v, J$)x = b\\J<P\\x + (w, J(p)x, |&|||^0IU < II^IU and 

II^IU < |c|||V^IU + 2||t?|U + Odl^TII^). (4.7) 
Since S'^^cp) = and Q{u) = Q{(l)), by the Taylor expansion, we have 

E{u) - E{$) = SUM{u)) - SM) = l{S:{$)v, ^ + odltTII^). (4.8) 

Here, since a = 0{\\v\\x) and S'^{(j)){J(j)) = S'^{(j))tjj = 0, by the assumption 

(ii) of Proposition lil we have 



E{u)-E{$) = l{S'Mv,v)+oi\\vrx) 

= l{S:{$)w,w) + o{\\v\\l) > '^\\w\\l-o{\\v\\j,). (4.9) 

— » 

On the other hand, we have c = {v,-ip)H = A(ti) = Odl-yHx), 

Si{$ + v) = S'M + S:{$)v + o{\\v\\x) = S'M)w + o(||t7|U), 
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and (M(m), J'^$)x = (0, J^^)x + 0{\\v\\x)- Thus, by Q we have 



{s:{$)w,j\i-A)$)+o{\\vrx). 



Here, by the assumption (iii) of Proposition |4| we have 
sgn(c) ■ {S'^{(f) + v),tlj) 

< —kic^ + k2\\a(p + hJ(f) + + o{(? + ||a0 + hJcp + 

< -k^c^ + k4w\\\ + o{\\v\\\). 

Moreover, we have 



(^:(0KJ2(1-A)0) 



ki 

< k\c\\\w\\x < —c^ + ^4||w||x- 



Thus, we have 



- sgnA(M) ■ V{u) > ^c^ - A;5||^||^ - oi\\v\\l] 



with some constant k^ > 0. By (4.9) and (4.10), we have 

E{u) - E{$) - k* sgn A(m) • V{u) > k^c^ + kj\\w\\\ - o(||t;||^) 



(4.10) 



(4.11) 



where we put k* = ko/{4:k^), kg = k*ki/2 and k-r = k^/A. Finally, since 
\\v\\x = \\M{u) — f^ujWx < £^0) it follows from (4.7) that the right hand side of 
(4.11 ) is non-negative, if is sufficiently small. This completes the proof. □ 

Lemma 11. There exist Ai > and a continuous curve (— Ai,Ai) 9 A i— !■ 
0A ^ -^rad such that (f)Q = (f) and 

E(0A)<i?(0), g(0A)=Q(0), AP(0a)<O 

/or < |A| < Ai. 

Proof. For A close to 0, we define 



0A = + A^+(t(A)0, (t(A) 



1/2 



1. 



Then, we have Q(0a) = Q(0), (t{X) = 0{X'^), a'{X) = 0(A) and 



' d 



ds 



S^{4>s)ds= / {Sl,{4>s),^p + (t'{s)4>) ds. 
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Here, by the assumption (iii) of Proposition |4| we have 
sgn{s)-{S'^{$s),^)<-hs' + o{s^). 



Moreover, since S' 
{S'Ms).^'{s)$) = 



,(0,) = S'^{<i)) + S'^{(P){s^Ij + fT(s)0) + o{s) = o(s), we have 
o(s2). Thus, we have S^{$x)-S^{$) < -A;i|A|V3 + o(A3). 



Finally, by (4.10), we have AP(0a) < -A;i|A|V2 + o{y). 



□ 



Proof of Proposition^ Suppose that G{ut)(j) is stable. For A close to 0, let 
(fx G Xrad be the function given in Lemma \u\ and let u\{t) be the solution 
of (1.1) with ux{0) = (px. Then, there exists Aq > such that if |A| < Aq, 



then Ux(t) E Afso{4>) for all t > 0, where Eq is the positive constant given in 



Lemma 10 Moreover, by the definition (4.3), there exist positive constants 



Ci and C2 such that \A{u)\ < Ci and |A(m)| < C2 for all u G Msq^'P)- Let 
-Ao < A < and put 5x = E{(f)) - E{(f)x)- Since V{$x) > and t ^^ Viuxit)) 



is continuous, by Lemma 10 and by the conservation laws of E and Q, we 
see that V{ux{t)) > for alH > and 

6x = E{$) - E{ux{t)) < -k* sgnA{ux{t)) ■ V{ux{t)) < k*C2V{ux{t)) 

for alH > 0. Moreover, by Lemma [9} we have 

for all t > 0, which implies that A{ux{t)) — 00 as t — !■ 00. This contradicts 
the fact that |^(-UA(i))| < Ci for all t > 0. Hence, G{ut)(j) is unstable. □ 



5 Ground States 

5.1 Existence and Stability of Ground States 

In this subsection, we briefly recall the existence and stability of ground 



states for (1.7). We define 



\u\ 



V{u) = 



= \\^^\\h + ^\\u\\h, 

3 



u\u2 dx, 



\u\ 



V{u) 
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for M G X. Then the actfon S^^ associated with (1.7) is written as 



Remark that for n G X satisfying K^{u) = 0, one has 

^^(^) = ^11^111- (5.1) 

Moreover, we define 

= inf {S'^(m) -.ueX, K^{u) = 0, (0, 0)}, 

M^ = {4>eX: SM) = /^M, K^{$) = 0}. 

The foUowing Lemma [12] estabhshes the existence of a ground state for 



(1.7). Since it can be proved by the standard variational method (see [21 [131 
[m El] and also P [I7|), we omit the proof. 

Lemma 12. Let k G M, 7 > and w > 0. // {«„} C X satisfies S^{un) 
fi{uj) and K^{un) 0, then there exist a sequence {?/„} C and G 
such that {Ty^Un} has a subsequence that converges to (j) strongly in X. 
Moreover, Ai^j = Qui and fi{u) = d^u). As a consequence, the set Q^i is not 
empty. 

Next, we consider the stability of ground states. By the scale invariance 



of ([L7]), we see that d{uj) = u^-^/^d{l) for all u > 0. Since X < 3 and 



d{l) > 0, we have d"{uj) > for all 00 > 0. Using this fact and Lemma 12 
the following Proposition [s] can be proved by the method of Shatah [TS] (see 
also [9]). Since it is standard, we omit the proof. 

Proposition 5. Let k G M and 7 > 0. For any a; > 0, the set is stable 
in the following sense. For any £ > there exists 5 > such that if uq E X 



satisfies dist {uo,Qw) < then the solution u{t) of (1.1) withu{0) = uq exists 



for all t > 0, and satisfies dist {u{t), Qui) < ^ for all t > 0, where we put 
dist {u,Q^) = inf{||M - : $ G Qui}- 

5.2 Preliminaries from Elementary Geometry 

In this section, we explain some basic geometric properties concerning the 



line and the ellipse defined by (1.8). In the proof of Theorem 6 one has to 



compare, for a given (a,/3) G S^^^, the quantities + (3^ and 1. This is the 



purpose of Lemmas 14 and 15 
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Lemma 13. Let 7 > and < r < 1, and put 

B = {{x, y) g]0, cx)p: 7^^ + 2y^ = 2y, + y^ = r^}. 

(1) If < r < 1, then B consists of one point. 

(2) //r = 1 an(i < 7 < I, then B = {(2v/r^/(2 - 7), 7/(2 - 7))}. 

(3) If r = 1 and 7 > 1, then B is empty. 

Proof. First we prove (1). Let < r < 1. Recall that 7X^ + 2y'^ = 2y is 
an ellipse with vertices {x,y) = (0,0), (0,1) and (±l/v^27, 1/2), and that 
B C {{x,y) : < y < 1}. By the equations in B, we have g{y) := (2 — 7)?/^ — 
2y + 7r^ = 0. Since g{0) = •yr'^ > and g{l) = 7(r^ — 1) < 0, the equation 
g{y) = has only one solution in ]0, 1[. This proves (1). Parts (2) and (3) 
are obtained by direct computations. □ 

Lemma 14. Let {k, 7) E J'iLiJ'2- Then, a\ + (5"^ = I if and only if {k, 7) G 
JC3. 

Proof. Assume that (a+,/3_) satisfies + = 1. Since (a;+,/3_) satisfies 
7Q;+ + 2/3^ = 2/3_, it follows from (2) and (3) of Lemma [13] that < 7 < 1 and 
(a+,/3_) = (2a/1 — 7/(2 — 7), 7/(2 — 7)). Substituting this into + 7/3_ = 
1, we have k = Hc{l)- Thus, (ft, 7) G /C3. Conversely, it is easy to see that 
+ = lif (ft,7) e/Cs. □ 

Lemma 15. // {k, 7) G /Ci, then a\ + I3'^_ < 1. 

Proof. First, we remark that the function /(k, 7) := + — 1 is continuous 
in JxVsJ^i and that K\ is a connected subset of JiUj2. By Lemma 14, / has 
no zeros in /Ci. Thus, / has a constant sign in /Ci. Finally, since /(0, 7) — )■ — 1 
as 7 — )■ 00, we conclude that /(ft, 7) < for all (ft, 7) G /Ci. □ 



In the same way as Lemma 15 , we see that > 1 for (ft, 7) G /C2ni7s 



2, 



but this fact is not used in what follows. The following Lemma 16 plays an 



important role in the proof of Lemma 17 



Lemma 16. Let (ft, 7) G jTi U J2- Then, 70;+ > ft/3_. 

Proof. Since 7, a+ and /3_ are positive, the inequality is trivial for the case 
ft < 0. Let ft > and put D = n'^ + 27(7 - 1). Then, D > and 

70+ > ft/3_ <J=^ (2 - 7)7ft + 7^v^ > ft(ft^ + 7^) - ft^v^ 
(7^ + ft2)/D > kD. 

Since (7^ + ft^)^ - k^D = 7^ + 27ft^ > 0, the last inequahty holds. □ 
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We define 



and for a given (k, 7), 



al + (31 if (k,7) e /Ci, 

1 if (/€,7) e/CsU/Cs, 



(5.2) 



El = {{x, y) G]0, oo[2: + 77/ > 1}, 

= {(x, y) G]0, oo[2: 7a:' + 2y^ > 2y, + < £}. 



In Lemmas [17] and [T8| we establish the structure of the set Ei fl E2 with 
respect to (k, 7). 

Lemma 17. //(k,7) G /Ci U /C3, i/ien ^10^2 = {(a+,/3_)}. 

Proof. Since it is clear that {(«+,/?_)} C Ei (1 E2, we prove the inverse 



inclusion. By Lemmas 13, 14 and 15, we see that the elhpse •yx + 2y = 2y 



and the circle x'^ + y'^ = + (3^ intersect at only one point {x,y) = (a+, /3_) 
in {{x,y) : X > 0}. The normal y = fi{x) and the tangent y = f2{x) of the 
circle x^ + y"^ = a"^ + at the point {x,y) = (a_|_, /3_) are given by 

fi{x) = —{x - a+) + I3_, f2{x) = -^{x - a+) + (3_, 

and we see that E2 C -E's := {{x,y) : y < fi{x), y < f2{x)}. By Lemma 



16 and by Ka+ + 7/3_ = 1, we have — < — K/7 < That is, 

the slope of the line + 7?/ = 1 is less than that of the normal y = fi{x), 
and is greater than or equal to that of the tangent y = f2{x). Recalling 
that (a+, /3_) is on the hne + 7?/ = 1, we see that Ei f\ E2 <Z Ei P\ E^ = 
{(q;+,/3_)}. This completes the proof. □ 

Lemma 18. // (k, 7) G IC2, then Ei fl E2 is empty. 

Proof. First, we consider the case where k < and < 7 < 1. Then, 
El C {{x,y) : y > I/7} C {{x,y) : y > 1}, and we see that Ei fl E2 is empty. 

Next, we consider the case where < 7 < 1 and < k < Kc{i)- We fix 7 G 
]0, 1[ and denote Ei = Ei{k) for < k < Hc- Remark that E2 is independent 



of K g]0, Kc\. When k = Kc, by Lemma 17, we have -E'i(kc) □£'2 = {(«;+) /3-)} 



Moreover, when < k < k^., Ei{k) is strictly smaller than Ei{kc). Thus, we 
see that Ei{k) fl E2 is empty if < k < □ 
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5.3 Determination of Ground States 

We are now able to determine the structure of the set Q^. We use an idea of 
Sirakov EOl (see also [12]). We denote 



\\u\\l^ = \\Vu\\l2 + uj\\u\\l2, u e H\R^). 
Lemma 19. Let u = {ui,U2) G Ai^. Then we have 

Ikill^i = '^ll^illia + 7 / ufu2dx, 



Proof. The first identity is obtained by mutliplying the first equation of (1.7) 
by Ui and by integrating by parts. The second identity is obtained in the 
same way. □ 

Lemma 20. For any w > 0, Qd{ijj) < ^\\^ui\\\3, where i is the number defined 



by (5.2) 



Proof. Let {(y^uj, f^y^ui) ^ Aui- Then, we have K^^aip^^, f3ip^) = 0, and so by 



(5.1) 



Moreover, since (p^^ is a solution of (1.6), we have = H^^tjllia, and 



6S^{a(p^, (!^(Pi^) = {a + /3 )||97cj|li3- Finally, by the definitions of d{u) and i, 
we obtain the desired estimate. □ 

The following variational characterization of (p^^ is well-known (see |3l [T2|, 
and we omit the proof. 



Lemma 21. Let u > 0. Then 

||^„||.. = mf{||.|li./|h.||l. \{0}}. (5.3) 



Moreover, 



{veH\R''):\\v\\]j. = \\v\\l, = \Ml,} 

= {e'\U- + y)-0^^, yeM^}. (5.4) 
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The next lemma is linked to the key Lemmas 17 and 18 
Lemma 22. Let (^1,^2) G Quj, o-nd put 

« = ||^il||L3/||</5^^||L3, b = \\u2\\l3/\\^u:\\l3- 

Then, a > 0, b > 0, and (a, b) satisfies 

< a^(Ka + 76), 26 < 26^ + 70^ 

Moreover, 

(1) If {k.,j) G /Ci, t/ien (a, 6) = (a;+,/3_). 

(2) //(/s:,7) G /C2, t/ien (a,6) = (0,1). 

(3) //(/«, 7) G /C3, t/ien (a, 6) G (0, 1)}. 



a" + < 



(5.5) 



Proof. We first prove ( 5.5[ ). If U2 = 0, then the second equation of (1.7) 
implies Ui = 0. This contradicts (mi,M2) G Thus, ^2 7^ and 6 > 0. By 



(5.3), Lemma 19 and the Holder inequality, we have 



^IkilLs + 7 / Ui U2dx 



< nWuiWla + 7||mi||^3||m2||l3, 

which provides < o?{na + 76). In the same way, we have 

||V5aj||L3||M2||i3 < \\u2\\]il = \\U2\\13 + ^ / u\ui dx 

o 7 2 

< IF2||l3 + 2 lr'*lllL3||^*2|U3. 



(5.6) 



(5.7) 



Since 6 > 0, this gives 2b < 26^ + 70^. Finally, by Lemma 20 and (5.3), we 
obtain 

4<PJh > Qdi^) = QS^i^) = > (jWiWh + \W2\\l^), (5.8) 



which implies a + b < i. Hence, (5.5) is proved. 



We now prove (1), (2) and (3). Let (k, 7) G /Ci. Then, since £ < 1, by 



Lemma 22, we see that a > and (a, 6) G -Ei fl £'2- Thus, (1) follows from 



( |5.5 ). Next, let (k, 7) G IC2. Suppose that a > 0. Then, by (5.5), we have 



(a, b) E El n E2. However, this contradicts Lemma 18 Thus, we have a = 
and b = 1, which proves (2). Part (3) can be proved similarly. □ 
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Proof of Theorem\^ We consider the case {k, 7) G /Ci. Let u G Quj- By (5.6) 



(5.7) and Lemma 22, we see that 
11^1/'^+ 

ufuadx 



||2 
|2 



\U2/P 



3 



|Mi||l3|F2||l3- 



(5.9) 
(5.10) 

(5.11) 



By (|K4|) and by (|5]9| and ( |5.10D , there exist {0i,yi), (6*2,2/2) G 



X 



such 



that Ml = e*^^a+v9aj(- + yi) and U2 = e*^^/3_v9t^(- +2/2)- Moreover, by (5.11), 
we see that 29i — 6*2 G 27rZ and yi = y2- Thus, we have C Q^. Since 
is not empty, (1) is proved. (2) and (3) can be proved in the same way. □ 

Finally, Theorem [5] is obtained as a corollary of Theorem [6] 

Proof of Theorem^ Let k < and 7 = 1. Then, (k, 7) G /C2, and by 
Theorem |6| Qui = Q^- Thus, Theorem [s] follows from Proposition [s} □ 



Acknowledgments. The work of the second author was supported by JSPS 
Excellent Young Researchers Overseas Visit Program and by JSPS KAK- 
ENHI (21540163). 



References 

[1] H. Berestycki and T. Cazenave, Instabilite des etats stationnaires dans 
les equations de Schrddinger et de Klein- Gordon non lineaires, C. R. 
Acad. Sci. Paris ser. I Math. 293 (1981) 489-492. 

[2] H. Brezis and E. H. Lieb, Minimum action solutions of some vector field 
equations, Comm. Math. Phys. 96 (1984) 97-113. 

[3] T. Cazenave, Semilinear Schrddinger equations, Courant Lecture Notes 
in Mathematics 10, Amer. Math. Soc, 2003. 

[4] T. Cazenave and P. L. Lions, Orbital stability of standing waves for 
some nonlinear Schrddinger equations, Comm. Math. Phys. 85 (1982) 
549-561. 



23 



[5] M. Colin and T. Colin, On a quasi-linear Zakharov system describing 
laser-plasma interactions, Differential Integral Equations 17 (2004) 297- 
330. 

[6] M. Colin and T. Colin, A numerical model for the Raman amplification 
for laser-plasma interaction, J. Comput. App. Math. 193 (2006) 535- 
562. 

[7] M. Colin, T. Colin and M. Ohta, Stability of solitary waves for a system 
of nonlinear Schrddinger equations with three wave interaction, Ann. 
Inst. H. Poincare, Anal. Non Lineaire 26 (2009) 2211-2226. 

[8] M. Colin, T. Colin and M. Ohta, Instability of standing waves for a 
system of nonlinear Schrddinger equations with three-wave interaction, 
Funkcial. Ekvac. 52 (2009) 371-380. 

[9] M. Colin and M. Ohta, Stability of solitary waves for derivative nonlinear 
Schrddinger equation, Ann. Inst. H. Poincare, Anal. Non Lineaire 23 
(2006) 753-764. 

[10] M. G. Crandall and P. H. Rabinowitz, Bifurcation from simple eigenval- 
ues, J. Funct. Anal. 8 (1971) 321-340. 

[11] M. Grillakis, J. Shatah and W. Strauss, Stability theory of solitary waves 
in the presence of symmetry, I, J. Funct. Anal. 74 (1987) 160-197. 

[12] H. Kikuchi, Orbital stability of semitrivial standing waves for the Klein- 
Gordon- Schrddinger system, preprint. 

[13] P. L. Lions, The concentration- compactness principle in the calculus of 
variations, the locally compact case, part I, Ann. Inst. H. Poincare, Anal. 
Nonlineaire 1 (1984) 109-145. 

[14] P. L. Lions, The concentration- compactness principle in the calculus of 
variations, the locally compact case, part II, Ann. Inst. H. Poincare, 
Anal. Nonlineaire 1 (1984) 223-282. 

[15] M. Maeda, Instability of bound states of nonlinear Schrddinger equations 
with Morse index equal to two. Nonlinear Anal. 72 (2010) 2100-2113. 

[16] M. Ohta, Instability of bound states for abstract nonlinear Schrddinger 



equations, preprint, arXiv: 1010. 1511 



24 



[17] A. Pomponio, Ground states for a system of nonlinear Schrddinger equa- 
tions with three wave interaction, J. Math. Phys. 51 (2010) 093513, 
20pp. 

[18] J. Shatah, Stable standing waves of nonlinear Klein- Gordon equations, 
Comm. Math. Phys. 91 (1983) 313-327. 

[19] J. Shatah and W. Strauss, Instability of nonlinear bound states. Comm. 
Math. Phys. 100 (1985) 173-190. 

[20] B. Sirakov, Least energy solitary waves for a system of nonlinear 
Schrddinger equations inR^, Comm. Math. Phys. 271 (2007) 199-221. 

[21] A. C. Yew, Stability analysis of multipulses in nonlinearly- coupled 
Schrddinger equations, Indiana Univ. Math. J. 49 (2000) 1079-1124. 

[22] M. I. Weinstein, Modulational stability of ground states of nonlinear 
Schrddinger equations, SIAM J. Math. Anal 16 (1985) 472-491. 

[23] M. I. Weinstein, Lyapunov stability of ground states of nonlinear disper- 
sive evolution equations. Comm. Pure AppL Math. 39 (1986) 51-68. 

[24] M. Willem, Minimax theorems. Progress in Nonhnear Differential Equa- 
tions and their Apphcations, 24. Birkhauser, Boston, MA, 1996. 



25 



